Abstract: The cascaded soliton spectral tunneling (SST) effect is proposed and numerically investigated in multiple optical fiber segments, which work together to transfer the soliton pulse over a wide wavelength span. A triple-cladding fiber and a solid core step-index photonic crystal fiber are carefully studied and demonstrated to have three zero-dispersion wavelengths (ZDWs), which can evoke the SST effect individually and therefore are good candidates for the cascaded SST effect. Such a cascaded SST scenario can be applied to optical wavelength conversions, and the transferred wavelength could be flexible tuned by tailoring the position of ZDWs. Numerical simulations in both fiber segments are shown, and a soliton transfer over 570 nm is demonstrated with two fiber segments. Meanwhile, soliton pulse compression and supercontinuum generation are also observed to accompany each SST effect.
Introduction
Dispersion, also called chromatic dispersion or group velocity dispersions (GVD), in waveguides consists of material dispersion and a contribution due to the geometry of the waveguide (referred to in the following as waveguide dispersion). It is the combined dispersion that affects the propagation of ultra-short pulses, both in the temporal and in the spectral domain [1] . While the material dispersion reflects the material properties and is always fixed, the waveguide dispersion can be flexible as it mainly depends on the waveguide structure, i.e., refractive index (RI) distribution and waveguide size. In single-mode silica fibers, the material dispersion dominates the whole GVD profile is monotonically decreasing with increasing wavelength, which results in a single zero dispersion (ZDW), and the waveguide dispersion merely helps to red/blue shift this ZDW a little. On the other hand, with the advent of novel waveguide technologies such as multiple cladding fibers, nano-scaled integrated optical waveguides and photonic crystal fibers (PCFs), waveguide dispersion could be produced strong enough to counterbalance the material one, resulting in dispersion compensation [2] , dispersion shifting [3] , or weak dispersion profile with multiple ZDWs [4] - [6] . Especially, a dispersion profile with multiple ZDWs would give rise to an attractive phenomenon known as soliton spectral tunneling (SST) effect [7] - [10] which is a soliton propagation process with full-energy coupling from one anomalous GVD region to another, after passing through a normal GVD region sandwiched in between. Normally, the SST effect is considered as a sort of the soliton induced dispersive wave (DW) generation since the transferred soliton is DW phase-matching (PM) to the launched soliton [8] , [10] . More fundamentally, SST is driven by the material Raman effect and requires a normal GVD region as a barrier between two anomalous GVD regions [9] . Our recent work on the SST effect pointed out that the group-velocity matching (GVM) between the launched and the transferred solitons is another necessary condition for the SST effect, and therefore SST can be more generally understood as a soliton spectral coupling effect under a dispersive phase coupler where both the PM and the GVM conditions are fulfilled [11] , [12] . In practice, the SST effect has great potentials in applications such as optical wavelength conversion, pulse compression and supercontinuum generation. Poletti et al. designed an index-guiding holey fiber for SST, which has a tunable GVD barrier over a wide wavelength span [9] , and they numerically demonstrated the SST effect. Manili et al. experimentally demonstrated a gigantic DW generation in a dual concentric core microstructured fiber with three ZDWs [13] . Dupont et al. showed their step-index ZBLAN fiber with three ZDWs and observed a mid-IR supercontinuum generation [14] .
In this paper, we further investigate the scenario of the SST with multiple fiber segments relayed to transfer the soliton over an extremely wide wavelength span, namely the cascaded SST which can be accomplished by using multi-cladding fibers or solid core step-index PCFs. The GVD profile of each fiber segment is separately designed by tuning the RI and size parameters, so that the soliton transferred from the previous segment can be further transferred in the next one. A 570-nm and full-energy wavelength conversion is demonstrated with two PCF segments. Meanwhile, supercontinuum generation with a flat profile and femto-second pulse compression is also observed during the SST process.
Dispersion Tailoring of Triple-Cladding Fibers
First, we investigate the cascaded SST process by using two segments of a triple-cladding fiber with a W-type RI distribution, see the insert in Fig. 1(a) . The outmost cladding is made of silica ðn 4 ¼ n silica Þ. Doped with Germanium and Fluorine, the central core (rod) and the outer cladding (tube) are designed to have higher RI than the silica while the RI of the inner cladding (gap) in between is lower than the silica. The RI differences are defined as: Án i ¼ n i À n silica , i ¼ 1; 2; 3; or 4. The idea of using such a fiber structure is to induce a mode coupling between the fiber rod and the surrounding tube, which will produce strong waveguide dispersion and tailor the fiber to have multiple ZDWs.
The mode distribution as well as the propagation constant (shown as the effective RI) of such a fiber structure have been investigated and well summarized by using the coupling mode theory or super-mode theory [15] - [18] . Since the triple-cladding fiber can be separated into a rod structure and a tube structure, from the point of coupling mode theory, both the rod and the tube can guide modes [ Fig. 1(a) ] and, more importantly, light will couple between these two structures as a result of structural perturbations [19] . Especially, when the rod and tube modes have identical propagation constant at the cross-point, the so-called resonant position, shown in Fig. 1(b) , the light coupling is supposed to be the strongest. On the other hand, such a mode coupling process can be considered as a co-propagation of a pair of super-modes in the triple-cladding fiber, known as symmetric and anti-symmetric modes. The super-mode field distributions indicate the guidance of light in both the central rod and the surrounding tube, see Fig. 1 (a), which are usually considered as the combination of the separated rod and tube modes. In Fig. 1(b) , the effective RI profiles of both supermodes will experience a switch from a rod-closed profile to a tube-closed profile around the resonant position. Therefore, either the light coupling between the rod and tube structures or the switching of the super-mode propagation constant will give rise to strong waveguide dispersion in the fiber, as shown in the insert of Fig. 1(b) .
With the strong waveguide dispersion counterbalancing the silica material dispersion, the fiber will have three ZDWs. Moreover, the ZDWs can be properly tailored by tuning the RI or radiuses of the fiber, making the GVD barrier deep or shallow [see Fig. 1(c) ] or red-or blue-shifted [see Fig. 1(d)] . Therefore, the SST as well as the cascaded SST can be flexible tuned aside from the broad wavelength span.
Cascaded SST in Segmented Triple-Cladding Fibers
Now we numerically demonstrate the cascaded SST with two-segment triple-cladding fibers. The numerical model used here is the well-known generalized nonlinear Schrö dinger equation that includes the full fiber dispersion profile, the frequency-dependent nonlinear coefficient and the material Raman effect [21] , which reads as:
whereÃðz; !Þ is the pulse envelope in frequency domain and in a frame of reference traveling at the group velocity v g;0 ¼ 1= ð1Þ ð! 0 Þ.D ð!Þ includes all high-order dispersion and Rðt Þ denotes the Raman response function of the host material of the fiber. Equation (1) can be directly solved in frequency domain as an ordinary differential equation (ODE).
The RI differences and structure sizes of each fiber segment are listed in Table 1 . For each fiber, the rod and the tube are designed to have a same RI and outer radius to obtain the strongest mode coupling. Fibers' dispersion profiles ðD ¼ Àð=cÞðd 2 n eff =d 2 ÞÞ and nonlinear coefficients ( ¼ ð!=cÞðn 2 =A eff ÞÞ, where n 2 is the nonlinear RI of the silica material and A eff is the effective mode area) are shown in Fig. 2(a) . The reduction of the nonlinear coefficient at long wavelengths is mainly attributed to the reduction of the fiber confinement of light and the increase of the effective mode area. The cascaded SST is evoked by launching a fundamental soliton pulse (soliton order is unit), with a peak power of 6.96 kW and a pulse duration(FWHM) of 50 fs, at 1.5 m. As shown in Fig. 2(b) , after a 2-m propagation in the first fiber segment, the launched soliton has been successfully transferred to 1.72 m and maintain a new soliton state there as the art of the SST effect. Then in the second fiber segment, the soliton is further propagated and transferred to 1.93 m after another 4-m propagation.
Generally, the SST is based on a DW generation process. Aside from the PM between the launched and the transferred solitons, the GVM condition must also be fulfilled [12] . The PM topology is always used to show the DW wavelength ð DW Þ as a map of the launched soliton wavelength ð s Þ, according to the PM condition:
where s indicates the dispersionless phase of a soliton centered at s or ! s , ! ¼ ð2c=Þ is the angular frequency and q s is the soliton wave number. Two topologies corresponding to the two triple-cladding fibers are shown in Fig. 2(c) . Moreover, a critical point is defined and marked (as a spade) in each topology as there the GVM condition is fulfilled, which promises the SST effect and predicts the wavelengths of the launched and transferred solitons, i.e., ð s;in ; s;out Þ. The critical point of the first fiber segment is (1.556 m, 1.724 m) while the second critical point is (1.755 m, 1.934 m). Note that the launched soliton is centered at 1.5 m, a little detuned from the first critical point. Due to Raman induced spectral self-frequency shifting (SSFS), the launched soliton will be red-shifted to touch this critical point and then evoke the SST effect. Analogously, the transferred soliton by the first fiber segment will also be red-shifted in the second segment to touch the second critical point and be further transferred from 1.755 m to 1.934 m.
Obviously, a premise of the cascaded SST can be concluded as: the critical launched wavelength On the other hand, we also investigate the nonlinear soliton matching which happens at the splicing interface between the two fiber segments. Nonlinear soliton matching requires that these two fibers should have mode-field matching and keep the effective soliton orders between 0.5 and 1.5 [23] . For the cascaded SST process studied in this work, the mode fields are highly matched as fibers have a very similar structure. Meanwhile, at the splicing interface, the numbers of the soliton order in both fiber segments are calculated and the effective soliton orders are exactly within the safe range, as shown in Table 1 , which indicates that the soliton will propagate with less perturbation through the splicing interface.
Moreover, we calculate the XFROG patterns of pulses in such a cascaded SST process [22] . The XFROG pattern of the launched soliton, the outputs of the first and the second segments are shown in Fig. 3 . It is proved that the SST helps transferring most of the pulse power to another wavelength position and the transferred pulse maintains a soliton state with the pulse duration adopted to the local dispersion. The output pulse durations of the first and the second segments are 55 fs (FWHM) and 66 fs (FWHM), respectively.
Cascaded SST in Segmented Photonic Crystal Fibers
We now focus on the cascaded SST effect in segmented solid core step-index PCFs. The PCF is composed of a hexagonal lattice of air holes in a silica fiber, as shown in Fig. 4(a) , allowing light to be guided in a central pure silica core. Such a PCF has two structural parameters, the air-hole diameter ðd Þ and the pitch ðÁÞ size, which are of course tunable. In more detail, by properly tuning the air-hole diameter or diameter-to-pitch ratio, the PCF dispersion profile can be well tailored, providing an unprecedented design freedom, as shown in Fig. 4(b) and (c) . This provides complete control over the ZDWs, which may even be degenerate. Analogous to the multi-cladding fiber, the physics behind the flexible dispersion profile is the mode coupling between the solid core and the airhole cladding. When holes are getting larger, the RI difference between the core and the cladding is equivalently increased and the mode coupling will become weaker, which will reduced the GVD barrier as a reduction of the normal waveguide dispersion and the last two ZDWs will get closer and Fig. 3. (a), (b) , and (c) are XFROG traces of the input pulse, the output pulses from the first and second fibers, respectively. The dashed lines show the ZDWs of the two fibers.
finally disappear, see Fig. 4(b) . On the contrary, when holes are getting smaller, the mode coupling as well as the waveguide dispersion will be enhanced. Then, the first two ZDWs will get closer and finally disappear as the material anomalous dispersion is conquered over by the waveguide dispersion, see Fig. 4(c) .
Using two PCF segments, each having three ZDWs and with the premise condition After the propagation in two segments (25-m long for the first segment and 50-m long for the second one), the soliton pulse is finally transferred to 2.07 m. The temporal pulse shapes are shown in Fig. 5 in which output pulses of each PCF segment still have a soliton profile with the duration adopted to the local dispersion profile. Note here a shortest pulse around 19 fs is achieved during the first stage of the SST process, as shown in Fig. 4(d) , which corresponds a 300-nm supercontinuum generation. Compared to the cascaded SST in triple-cladding fibers, using PCFs requires longer segments because the GVD in the PCF is much smaller than that in the triple-cladding fiber.
Conclusion
To conclude, we present the cascaded SST effect in two-segment fibers of triple-cladding fibers and solid core step-index PCFs. From the point of the coupling-mode theory and the super-mode theory, these fibers have mode coupling between the core and the cladding around a resonant wavelength. With a strong waveguide dispersion induced by such mode couplings, a dispersion profile with tunable multiple ZDWs is expected, which is necessary to evoke the SST effect. We also point out the premise of the cascaded SST process, i.e. kþ1 s;in ! k s;out , which promises the SST effect to take place in each fiber segment and continuously transfers the pulse to longer wavelengths. In twosegment PCFs with multiple ZDWs, we demonstrate soliton transferring over a 570-nm wavelength span and a 19-fs soliton pulse compression accompanied with a 300-nm supercontinuum generation. Such a cascaded SST process can provide a promising approach to flexible and longspan optical wavelength conversions.
